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Abstract
New reparametrisation invariant field equations are constructed which describe d-
brane models in a space of d+1 dimensions. These equations, like the recently discovered
scalar field equations in d+ 1 dimensions, are universal, in the sense that they can be de-
rived from an infinity of inequivalent Lagrangians, but are nonetheless Lorentz (Euclidean)
invariant. Moreover, they admit a hierarchical structure, in which they can be derived by
a sequence of iterations from an arbitrary reparametrisation covariant Lagrangian, homo-
geneous of weight one. None of the equations of motion which appear in the hierarchy of
iterations have derivatives of the fields higher than the second.
The new sequence of Universal equations is related to the previous one by an inverse
function transformation. The particular case of d = 2, giving a new reparametrisation
invariant string equation in 3 dimensions is solved.
1
1. Introduction
In a recent paper with A. Morozov[1],we discovered an equation for a single field φ in
d dimensions with some remarkable properties.
1) It is invariant under field redefinitions.
2) It can be derived from an infinity of inequivalent Lagrangians (hence is Universal).
3) It involves no derivatives higher than the second.
4) It is the penultimate step in an iterative hierarchy of equations, starting from any
Lagrangian, dependent only on first derivatives of the field and homogeneous of weight
one.
We have now found an equation for d+1 fields dependent on d variables which satisfy
2,3,4 above. The requirement 1 is replaced by reparametrisation invariance in the d base
space variables. Furthermore there is a transformation which takes one equation into the
other. The cases d=2,3 (a new string in 3 dimensions, a new membrane in 4) have some
physical importance, and may cast further light upon problems of quantum gravity, and
perhaps also classical gravity, as the equations are related to the Plebanski equation[2].
The original Universal Field Equation in [1] takes the form
det


0 φ1 φ2 . . . φd
φ1 φ11 φ12 . . . φ1d
φ2 φ12 φ22 . . . φ2d
. . .
. . . .
φd φ1d φ2d . . . φdd

 = 0, (1.1)
or, in short
det
(
0 φk
φl φkl
)
. (1.2)
Here φk, φkl denote partial derivatives
∂φ
∂xk
, ∂
2φ
∂xk∂xl
respectively.
It is shown in [1] that equation (1.1) follows as the end result of the following iterative
construction of a hierarchy of equations, starting from an arbitrary generic Lagrangian.
Suppose L0(φj), j = 1, . . . d is a Lagrangian which depends only upon first derivatives
of the field φ, and is homogeneous of weight one, and the matrix Mij =
∂2L0(φk)
∂φi∂φj
is of
maximal rank d− 1, which is the generic case. Denote by E the Euler differential operator
E = −
∂
∂φ
+ ∂i
∂
∂φi
− ∂i∂j
∂
∂φij
. . . (1.3)
(In principle the expansion continues indefinitely but it is sufficient for our purposes to
terminate at the stage of second derivatives φij).
Now consider the sequence of equations of motion;
E L0 = 0
E L0E L0 = 0
E L0E L0E L0 = 0 etc.
(1.4)
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Then this sequence terminates after d iterations when the left hand side vanishes identically.
At the penultimate step the resulting equation of motion is universal; i.e. is independent of
the details of L0, and is in fact proportional to the equation (1.1). Among the remarkable
features of this construction are the consequences that the equations involve nothing further
than second derivatives of the field φ and although the starting Lagrangian need have
no symmetry, the final equation is GL(d) invariant. If the homogeneity requirement is
dropped, then the sequence results after d iterations with the equation, independently of
the initial Lagrangian,
det
∂2φ
∂xk∂xl
= 0, (1.5)
and terminates at the next stage in the iteration.
The very nature of our construction implies the existence of an infinite number of
conserved quantities for our Universal Equation which take the form of inequivalent La-
grangians, (i.e. Lagrangians which do not differ by divergences). Recently we succeeded
in extending these results in the following manner; we discovered a Universal Equation for
d+ 1 fields in d dimensions with the property of covariance up to an overall factor under
reparametrisation of the base space. That there is only one such equation rather than d+1
is a consequence of Ward identities for reparametrisation invariance.
2. Reparametisation Invariance and Ward identities
Consider a Lagrangian density L(φai , φ
a
ij) for D fields dependent on d co-ordinates
such that
L(Rijφ
a
j , RikRjlφ
a
kl + T
k
ijφ
a
k) = (detRij)
αL(φai , φ
a
ij) (2.1)
given any coefficients Rij, T
k
ij = T
k
ji. In consequence of differentiation with respect to
those parameters we have the identities
φaj
∂L
∂φai
(φbk, φ
b
kl) + 2φ
a
jk
∂L
∂φaik
(φbk, φ
b
kl) = αδijL(φ
a
i , φ
a
ij) (2.2a)
φak
∂L
∂φaij
(φbk, φ
b
kl) = 0. (2.2b)
Under a general reparametrisation of co-ordinates of the form
xi → yi = yi(xj), φ
a(xi)→ φ˜
a(yi) = φ
a(xi), (2.3)
we have
φ˜ai = Rijφ
a
j , φ˜
a
ij = RikRjlφ
a
kl + T
k
ijφ
a
k
with Rij =
∂xj
∂yi
, T kij =
∂2xk
∂yi∂yj
.
(2.4)
The case α = 1 corresponds to a reparametrisation invariant action.
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Given a Lagrangian density with the above properties, consider the action of the Euler
derivative;
EaL = ∂i
∂L
∂φai
− ∂i∂j
∂L
∂φaij
. (2.5)
We then have
φai EaL =φ
a
i ∂j{
∂L
∂φaj
− ∂k
∂L
∂φajk
}
=∂j{φ
a
i
∂L
∂φaj
+ φaik
∂L
∂φajk
− ∂k
[
φai
∂L
∂φajk
]
}
− φaij{
∂L
∂φaj
− ∂k
∂L
∂φajk
}
=∂j{φ
a
i
∂L
∂φaj
+ 2φaik
∂L
∂φajk
} − ∂iL − ∂j∂k
[
φai
∂L
∂φajk
]
,
(2.6)
which, by using the identities (2.2a, 2.2b) reduces to
φai EaL = (α− 1)∂iL. (2.7)
Whenever α = 1, corresponding to a reparametriation invariant action, we have the asso-
ciated d Ward identities:
φai EaL = 0. (2.8)
Consequently there are only D − d independent equations of motion.
3. The Case D = d+ 1
The situation D = d+ 1 includes that of a string in 3 dimensions, or a membrane in
4. On account of reparametrisation invariance there is only one independent equation of
motion. It is convenient to define the Jacobians
Ja = (−1)
dǫab1b2...bdφ
b1
1 φ
b2
2 . . . φ
bd
d . (3.1)
The following properties hold;
i)
∑
a
φai Ja = 0 ∀i,
ii)
∑
a
φai
∂Ja
∂φbj
+ δijJb = 0,
iii)
∂Ja
∂φbi
= −
∂Jb
∂φai
.
(3.2)
The identities φak
∂L
∂φa
ij
(φbi , φ
b
ij) = 0 show that in the present case we must have (no summa-
tion over a)
∂L
∂φaij
(φbk, φ
b
kl) = JaK
a
ij(φ
a
i , φ
a
ij). (3.3)
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This result suggests that reparametrisation invariant actions which depend upon φaij must
involve those variables in the combination Φij =
∑
a φ
a
ijJa. Indeed it turns out that the
Universal field equation in this case is simply
det(Φij) = 0. (3.4)
4. A hierarchy for D = d+ 1
Consider a Lagrangian density L0(Ja) such that
L0(λJa) = λL0(Ja). (4.1)
The corresponding action is then reparametrisation invariant. We also have;
∂L0
∂Jb
(Ja)Jb = L0(Ja), (4.2a)
∂2L0
∂Ja∂Jb
(Jc)Jb = 0, (4.2b)
∂2L0
∂Ja∂Jb
(Jc) = Cij(φ
c
k)φ
a
i φ
a
j , (4.2c)
where Cij(φ
c
k) = Cji(φ
c
k) and is given by
Cij =
1
2JaJb
[ ∂2L0
∂φai ∂φ
b
j
+
∂2L0
∂φaj∂φ
b
i
]
, ∀a, b, i, j. (4.3)
The equations of motion are
EaL0 =
∂2L0
∂Jb∂Jc
∂Jb
∂φai
∂Jc
∂φdj
φdij = JaCijΦij . (4.4)
This shows that the independent equation of motion is always given by
1
Ja
EaL0 = CijΦij , ∀a. (4.5)
This suggests that, in analogy to the case D = 1, d arbitrary, we consider the generating
function exp(λL0
1
Ja
Ea) · L0 for any a which generates term by term an iterative sequence
of equations of motion. This sequence possesses the following remarkable properties:
1) It is a finite polynomial of order d in λ.
2) It depends only upon φai , φ
a
ij , and no higher derivatives.
3) Every term in the polynomial is a Lagrangian density for a reparametrisation invariant
action, which is multilinear in φaij .
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4) Up to a factor dependent on L0, the coefficient of λ
d is independent of the details of
L0 and hence is Universal. This is the equation (3.4).
This means that the Universal equation may be derived from an infinite number of
inequivalent Lagrangians, hence the terminology, and may therefore be integrable. The
proof of these statements will be merely sketched here. It depends upon the fact that it
turns out that this is not an independent hierarchy of iterative equations but is a trans-
formation of the original case D = 1, d arbitrary. Introduce a new variable y which is in
the nature of a co-ordinate, and consider L0(Ja) where now φ
a(xi, y) depends upon the
auxiliary co-ordinate, but Ja is still given by equation (3.1), i.e. it is the Jacobian of all the
φb excluding φa with respect to all the coordinates xi, excluding y. Then the equations of
motion do not involve derivatives with respect to y as L0 depends only upon
∂φa
∂xi
. Indeed
[∂xi
∂
∂φai
+ ∂y
∂
∂φay
]L0 = ∂xi
∂
∂φai
L0(Ja) = EaL0(Ja). (4.6)
Thus if L0(Ja) is homogeneous of weight one, i.e. it satisfies (4.1), then the action is
reparametrisation invariant in the x’s and takes the form
S =
∫ ∏
i
dxidyL0(Ja). (4.7)
Now perform the inverse function transformation; i.e. instead of treating φa as dependent
functions and xi, y as independent, think of xi, y as described as functions of φ
a. We
have then
S =
∫ ∏
i
dxidyL0(Ja) ≡
∫ ∏
a
dφaL0(
∂y
∂φa
). (4.8)
Remarkably, on account of the homogeneity properties, all other jacobians cancel in the
above transformation of variables. But the transformed action is just of the form of the
starting action for the hierarchy discovered in [1]. A Lagrangian L0(
∂y
∂φa
) of weight one
dependent upon only first derivatives has an equation of motion covariant under field
redefinitions of y. It can be taken as the beginning of an iterative sequence (1.4), which
culminates in the Universal field equation (1.1). Clearly it is possible to map each member
of the iterative sequence (1.4) into a new iterative sequence, which this time, instead
of invariance under field redefinitions, implements reparametrisation invariance for each
sequential action. The remarkable feature of this procedure is that all derivatives with
respect to y disappear from the transformation of the generating function
[
expλL0(
∂y
∂φa
)Ey]L0(
∂y
∂φa
) =L0(
∂y
∂φa
) det
[
δab + λ
∂2L0
∂Xa∂Xc
∂2y
∂φc∂φb
]
,
where Xa =
∂y
∂φa
.
(4.9)
Suppose this equation is re-expressed in terms of the inverse functions φa(xi, y). Then this
results in the following transformed equations ∀a;
exp
[
λ
L0(Ja)
Ja
Ea
]
L0(Ja) = L0(Ja) det
[
δij + λCik(φ
a
i )Φkj
]
= L(φai , φ
a
ij , λ) (4.10)
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where L0(λJa) = λL0(Ja) and Cik(φ
a
i ) and Φkj are defined by equations (4.3) and Φij =∑
a φ
a
ijJa. The remarkable feature of this transformation is that all possible dependence
of (4.10) on φay , φ
a
iy , φ
a
yy has disappeared, so y is effectively a parameter as far as equation
(4.10) is concerned. The equation
EaL(φ
a
i , φ
a
ij , λ) =
Ja
L0
∂
∂λ
L(φai , φ
a
ij , λ) (4.11)
is the generating function for the reparametrisation invariant hierarchy which terminates
at the dth level, with the term in λd being
L0(Ja) det[CikΦkj ] = L0(Ja) det[Cik] det[Φkj ]. (4.12)
Since for generic L0(Ja), det[Cik] 6= 0, we have the Universal equation of motion
det[Φij] = det[φ
a
ijJa] = 0. (4.13)
5. Solutions for d = 2, Duality
This is the case of the alternative reparametrisation invariant string in 3 dimensions.
It is apparently different from that proposed by Grigore[3] since he does not consider
Lagrangians dependent on second derivatives. From the analysis presented in the above
section the solutions of the equation det[Φij ] = 0 are equivalent to solving the Universal
field equation for one variable y = f in three dimensions X, Y, Z [1]; viz:
det


0 fX fY fZ
fX fXX fXY fXZ
fY fXY fY Y fY Z
fZ fXZ fY Z fZZ

 = 0. (5.1)
Solutions of this equation correspond to developable surfaces[4]. Such surfaces, with the
exception of the plane, cone and cylinder are described by the tangent surface of a curve,
i.e. the locus of points on the tangents to an arbitrary curve. It is shown in [4] that such
surfaces are two sheeted, with a cusp at the curve in question. Another parametrisation of
such a surface is given by X = X(σ, τ), Y = Y (σ, τ), Z = Z(σ, τ) , the string formulation,
which satisfies an equation of the form (4.13). The cone and cylinder may be taken to
represent closed string solutions, in which a closed string propagates with and without
expansion. These two alternative descriptions of the string, in a non parametric form
as a surface, and the parametrised form are reminiscent of the attempt of Morris[5] to
develop ordinary string theory in terms of intersections of surfaces. In this second form
the equation is related to Plebanski’s equation for self-dual Riemannian metrics[2].
Finally we should mention the second case in [1] which we found which admits a
formulation in terms of an infinite number of inequivalent Lagrangians. It is the case of
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D = d fields in d + 1 variables. There are d equations of motion, invariant under field
redefinitions of the form
ǫi1i2...id+1ǫj1j2...jd+1
d∏
r=1
φbrir
d∏
s=1
φcsjsφ
a
id+1jd+1
. (5.2)
Under the transformation discussed previously, these equations go over into the d indepen-
dent equations
∂2xi
∂y2
∂xj
∂y
=
∂2xj
∂y2
∂xi
∂y
, ∀i, j (5.3)
These equations are covariant under reparametrisations in the variable y. They may be
regarded as a dual version of the D = d+ 1, d = d theory presented here.
6. Conclusions.
This paper and its predecessor[1] have revealed the existence of field theory models
which possess many interlinked and unexpected properties; reparametrisation invariance,
infinitely many conservation laws, absence of higher derivatives, and the hierarchy prop-
erty. It is not at all clear at this stage which is fundamental, and which are inevitable
consequences. Certainly the fact that these equations may be derived from an infinity
of Lagrangians, inequivalent in so far as they are not related by divergences makes them
interesting objects of study in their relation to topological field theories[6] and variational
procedures[7]. It is also not clear at the moment whether there is any connection with the
geometrical realisations of W algebras[8], or indeed gravity theories[9].
The extension of those ideas to arbitrary choices of target space and base space di-
mension remains elusive. It is relatively easy to write equations with the correct covariance
or reparametrisation properties, but there is a superfluity of such equations (3 instead of 2
for D = 4, d = 2 ), and there is no sign of the hierarchy property. Nonetheless the solution
space is non empty. The success of the D = 3, d = 2 model may owe its existence to the
invariant
ǫabcǫikφ
a
i φ
b
jφ
c
kj . (6.1)
We hope to return to those questions and give a more detailed account of the results of
the present paper in the near future.
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